The influence of the environment in the thermal equilibrium properties of a bipartite continuous variable quantum system is studied. The problem is treated within a system-plus-reservoir approach. The considered model reproduces the conventional Brownian motion when the two particles are far apart and induces an effective interaction between them, depending on the choice of the spectral function of the bath. The coupling between the system and the environment guarantees the translational invariance of the system in the absence of an external potential. The entanglement between the particles is measured by the logarithmic negativity, which is shown to monotonically decrease with the increase of the temperature. A range of finite temperatures is found in which entanglement is still induced by the reservoir.
I. INTRODUCTION
The classical Brownian motion has become one of the most important paradigms of irreversible processes in physics, where out-of-equilibrium fluctuations play an important role. The equation that describes such an open system is the famous Langevin equation, in which dissipation and noise are present.
However, when an open system is treated quantum mechanically, the problem has to be analyzed much more carefully. Since quantum mechanics is designed for dealing with hamiltonian systems, one is bounded to employ the so-called system-plus-reservoir approach to tackle this problem. Basically, one can consider the system and the environment together as an isolated system and quantize it. It is also possible, depending on the conditions to be obeyed [1, 2, 3] , modelling the interaction between the reservoir and the system in an appropriate way and consider the environment as a bath of non-interacting harmonic oscillators. Once this is done it is possible to reproduce the Langevin equation for the variable which describes the dynamics of the system of interest in the adequate limits [4] . In this context of open quantum systems one can describe dissipation [1] and the loss of quantum mechanical coherence which is known in the literature as decoherence [5] .
When the interest is in the dynamics of two Brownian particles in a common reservoir, some changes have to be made in the traditional bath-of-oscillators model. Those changes are described in Ref. [6] , where the classical equations of motion for two Brownian particles have been obtained. The same generalization of the model has been used to evaluate the quantum dynamics of two Brownian particles [7] . It is now our task to study the thermal equilibrium properties of this system.
At first sight, one could expect that only dissipation and decoherence should appear in this problem. But, under certain conditions, the reservoir can correlate these two particles, an effect similar to the Cooper pairing in BCS superconductors [8] . In particular, in the model of Ref. [6] , an effective potential between the particles appears as a consequence of the hypothesis of the model. A possible correlation effect induced by this potential is the entanglement, a property of quantum states of great interest to the field of quantum information [9, 10, 11] . We are going to quantify the entanglement between the particles induced by the reservoir as a function of the temperature of the composite system. Some attempts to address this question have already been made [12, 13] , but we believe that the present model [6, 7] is more adequate to account for the correct quantum behavior of two particles in the common heat bath.
In section II we introduce the generalized model in some detail. The classical equations of motion are also reviewed. Then, we evaluate the equilibrium reduced density matrix for two quantum Brownian particles. In section III, we use this density matrix to understand how the entanglement between the particles is related to the temperature of the environment.
II. MODEL AND EQUILIBRIUM DENSITY OPERATOR
As we mentioned before, the possibility of modelling a Brownian particle within the system-plus-reservoir approach is very well-known. In particular, if the environment is represented by a bath of non-interacting harmonic oscillators whose coordinates are coupled bilinarly to the coordinate of the particle of interest one can reproduce the Langevin equation in the classical limit [1, 4] .
However, depending on the specific coupling between the system of interest and the reservoir, a generalization of that conventional model is needed for the case of two brownian particles [6] . In what follows we review the important aspects of such a model for two particles in a common reservoir and present our main results for their equilibrium density matrix. This can be compared to the arXiv:0911.4894v1 [quant-ph] 25 Nov 2009 dynamical case [7] which has been recently studied.
We follow the Feynman path integral formalism, which implies that the action of the reservoir on the system of interest can be described in terms of the so-called influence functional [14] . In the equilibrium case it is actually an Euclidean version thereof to which for simplicity we still refer as the influence functional.
As an intermediate step, we show that the influence functional of two particles can be separated in three terms: one for each independent subsystem and another one for the effective interaction between them. It is enlightening to notice that indeed the influence functional for each subsystem within the present method reproduces the result obtained by the bilinear (conventional) coupling model.
A. Model and classical equations of motion
The Lagrangian of the composite system reads
The term L S is the Lagrangian for the system of interest, L I is the one for the interaction between the system and the reservoir and L R is the Lagrangian for the bath. Explicitly, we have for two free particles
The reservoir will be described by a symmetrized collection of independent harmonic modes,
(3) appears in the interaction Lagragian whose form is
The local interaction of a particle with a spatially homogeneous environment can be represented by a function of the type
Eq. (5) appears, for example, in the polaron problem [15] . This function is capable of preserving the translational invariance of the system in the absence of an external potential.
The properties of this model as well as its suitability to describe an effective Brownian motion are deeply discussed in [6] and [7] . In particular, reference [6] shows the classical equations of motion for
which are respectively the center of mass and relative coordinates of the two particles. Those equations are
and
withη
We define η = k k 2 κ k κ −k f (k) as the dissipation constant. The other constants are Ω, a cutoff frequency for the oscillators of the bath, and k 0 , the inverse of its characteristic length scale. In fermionic environments, for example, this length is related to the Fermi wave number k F [2, 16] . The functions F ξ (t) and F ζ (t) are fluctuating forces depending on the initial conditions [6] imposed to the composite system.
Note that (9) and (10) introduce some new phenomena into this problem. The former indicates how the net dissipation depends on the distance between the particles whereas the latter presents an effective potential between the particles mediated by the environment. In a regime in which the particles are close enough (ξ << k −1 0 ), the center of mass still behaves like a Brownian particle but the relative coordinate describes an undamped harmonic oscillator of frequency ω 0 , with ω 2 0 ≡ 4ηΩ/M π. When the two particles are far apart (ξ >> k −1 0 ) both variables describe standard Brownian motion with constant damping η.
B. Two particle equilibrium density operator
The total lagrangian in Eq. (1) generates a hamiltonian H for the composite system that can be used to describe the density operador of the system of interest ρ S ,
where
such that Z is a normalization constant (the partition function of the full system) and β satisfies β = (k B T )
where k B is the Boltzman constant and T , the temperature, as usual.
In the coordinate representation [2, 14] , we get
(13) The term S E 0 is the Euclidean action of the isolated system,
with V (x) being an external potential, which is null in our case. The influence functional is
It is a simple task to show that the influence functional can be equally written in the interaction picture as
The operator ℘ defined above satisfies the relation
for which the formal solution is
−βH R and T is the temporal ordering operator. In what follows we explain the reason for using the interaction picture.
A reservoir must be sufficiently robust so that any interaction with the system of interest is only capable of weakly perturbing it. Assuming such a condition, we apply an imaginary time dependent perturbation theory for the bath [17] . Therefore we can expand (21) to second order in perturbation strength, which results in
We can now identify the term e −βH R in Eq.(19) with the equilibrium density operator of the reservoir, ρ R = e −βH R , and use the notation O = Tr R [ρ R O] for a general operator O.
In this new notation, we see from (19) that we have to evaluate ℘ . By (22), (23) and (24) we note that this procedure involves the evaluation of terms such Y (τ ) and Z(τ, τ ) . Observing the definition (16) we find
which is identically zero, since R k = 0 ∀k when the bath is in thermal equilibrium.
This fact implies that the functional in (19) can be equivalently obtained from the expansion of the following exponential
As in (25), the "tilde" has already been dropped because of the cyclic property of the trace.
Assuming again (16) and (17), we have
With the help of the condition of invariance of the Lagrangian under translation of the system of interest, only the terms with k = −k survive in the sum. Then, we have
The treatment of the correlation function
requires the use of the fluctuationdissipation theorem [15] , which states that
In the above relation we use χ k (ω) for the imaginary part of the Fourier transform of the linear response function of the k th oscillator. This function can be modelled in terms of the macroscopic behavior of the bath, since describing its microscopic details is not our intention here. Such an approach allows us to consider the harmonic oscillators of the environment as very weakly damped ones [6] , yielding
which permits a simple separation of the length and time scales of the system. The damping constant of each bath oscillator is given by γ k . In the low frequency limit we have
where we have introduced the same high frequency cutoff Ω of the part A of this section. The Markovian dynamics is achieved when we take the limit Ω → ∞ and the function f (k) represents the nonlocal influence of the bath. A functional dependence like Eq.(32) for the dynamical susceptibility of the bath has also been employed in [2, 6, 16] .
In order to calculate Φ k (τ − τ ), we make the usual analytical extension t = −iτ and s = −iτ in (30). As we can see from (31) the response function is odd in frequency, χ k (ω) = −χ k (−ω), which allows us to rewrite (30) as
(33) With the correlation function evaluated in terms of the phenomenological parameters of the problem, we can return to the influence functional and evaluate it with the choice we made in (5), which leads us to
where we define
In the beginning of section II we mentioned that we were going to show that the influence functional could be separated in three terms. Moreover, two of them could be interpreted as the functionals of the subsystems only. Now we make this statement more clear. Observe that (34) can be written in the product form
, where we define
We can assume that the trajectory fluctuations of each particle are restricted to a small region compared to the characteristic length of the bath, k −1 0 . Then, we expand the cossine function to second order in Eq.(38). The zeroth order term will be left for the normalization of the density matrix. To proceed, we define
and identify, with the help of (32),
Using the fact that
(41) Eq.(41) is exactly the influence functional of one particle in thermal equilibrium with a bath of harmonic oscillators with bilinear coupling [15] .
The third term of that product is F int [q 1 (τ ), q 2 (τ )], which involves the correlations between the coordinates of the two particles. However, such a correlation relates the coordinates in different imaginary times, in the form cos[k(q 1 (τ ) − q 2 (τ ))]. To deal with this problem we choose to apply the inverse coordinate transformation of that made in (6) . That is, we write q 1 and q 2 in terms of the center of mass ζ and the relative coordinate ξ and substitute them in F int [q 1 (τ ), q 2 (τ )]. With some algebra we get
We again evoke the fact that the fluctuations of the center of mass trajectory are small compared to the length scale of the bath, that is, ζ(τ ) ≈ ζ(τ ). So, we expand Eq.(44) to second order and get
where we define P (τ, τ ) and Q(τ, τ ) as
The evaluation of the sums can be done in the same way as in [6] . Briefly explaining, one can turn the sum into an integral by introducing the function g(k) ≡ L 2π κ k κ −k f (k) and, following [6] , we can model this function by g(k) = e −k/k0 , where k 0 has been already defined. Surprisingly the integrals can be exactly solved and the result is
withη[θ(τ, τ )] and V ef f (θ(τ, τ )) defined in (9) and (10), respectively. At this point the physical meaning of the parameters of the model emerges.
If we rewrite also F [q 1 (τ )] and F [q 2 (τ )] in terms of the new variables, we see that the equilibrium density matrix of the two brownian particles is
It is possible to interpret each term in the equations above in order to understand the solution's consistency and solve the Feynman path integrals.
The center of mass ζ behaves like a free quantum brownian particle in thermal equilibrium with a reservoir with dissipation constant η and an "anomalous" dissipation given byη[θ(τ, τ )].
The relative coordinate ξ behaves like a quantum Brownian particle in a potential V ef f (ξ) in thermal equilibrium with a reservoir of dissipation constant η.
Although we have a result that agrees with the qualitative interpretation induced by the classical equations of motion, the Feynman path integrals still have to be solved. An exact solution to those integrals is only available under certain approximations such as, for example, the Gaussian approximation. That means that only terms of order 0, 1 and 2 in ζ, ξ,ζ andξ in the exponential can be analytically computed.
Recognizing the necessity of making approximations in (51), we will base ourselves upon physical reasoning to proceed further with our calculations.
Firstly we can suppose that the interaction potential will be able to attract the particles. While being attracted, they experience the effect of friction until they end up very close to each other. So, in thermal equilibrium we can assume that the reasonable regime is that of short relative distances and the effective potential can be considered harmonic with frequency ω 0 , which has already been defined as
] also has a functional form that includes terms of order higher than 2. We can again assume the regime |k 0 ξ(τ )| << 1 and obtain an ohmic dissipa-
These arguments transforms the formal solution in Eq.(51) into an approximate solution that carries all the fundamental characteristics and effects of the first one. Now the variables are decoupled and we can write
In the equations above, we have
The solution of the thermal equilibrium density matrix for a Brownian particle in a harmonic potential can be found in [1, 15] . This allows us to write
(60) The parameters of the equations are
such that γ j ≡ η j /(2m j ), C j is a normalization constant and j = ζ, ξ. The constants are given by
Finally, we can return to the original variables of the problem, that is, the coordinates of the individual particles. Then,
So, we have (65) as the thermal equilibrium density matrix for two Brownian particles in a common heat bath.
In the next section we evaluate a measure of entanglement in such state as a function of the temperature of the system and of the coupling between the particles and the reservoir.
III. THERMAL ENTANGLEMENT BETWEEN TWO QUANTUM BROWNIAN PARTICLES
At this stage we are able to answer the question whether it is possible for the bath to create or keep the entanglement between two open quantum systems in thermal equilibrium with it. We describe the entanglement as a function of the temperature of the system and the coupling between the particles and the reservoir. The latter manifests itself through the dependence of the entanglement on the damping constant.
We then conclude that in fact the effective potential mediated by the bath is responsible for the state nonseparability. Furthermore, we see that there is a range of finite temperatures for which this property persists, no matter what the initial states of the two particles is.
A general Gaussian state ρ can have its entanglement suitably quantified by the Logarithmic Negativity, E N [ρ] [9] . We see by (65) that indeed it is the case of the state ρ S .
We now make a brief review of the main aspects of this measure. First of all, it is worth to say that it is based on a criterion of separability proposed by R. Simon [10] , who generalized the ideas of A. Peres [11] about positive partial transposition violation.
A two mode Gaussian state can be written in terms of a characteristic function, defined bỹ
where X ≡ (q 1 , p 1 , q 2 , p 2 ) and σ is the covariance matrix [9] . The characteristic function relates to the density matrix through the relatioñ
Eqs.(67) and (68) connect the state of the system with its covariance matrix and that is basically the reason for their introduction. The interest in the covariance matrix is a consequence of the fact that it caries all the information about the separability of the state. Its finite dimension is fundamental for the applicability of the referred criteria [10, 11] .
The general form of a two mode covariance matrix is
where α, β and γ are 2 × 2 matrices. With them, we define the local sympletic invariants 
The new parameterν − is the so called sympletic eigenvalue of the partial transposed density matrix and is related to the logarithmic negativity [9] through
After some algebra, we show that for the density matrix in Eq.(65) we havẽ
which implies that the entanglement is given by
To plot this function with respect to the temperature of the system we define, with the help of (64), the dimensionless variables
The parameter r measures the coupling between the particle and the reservoir. The parameter A measures the temperature. In the low temperature (0 < A < 1) and underdamped (0 < r < 1) limits, the entanglement behaves as in Fig.(1) . As expected, the entanglement between the particles monotonically decreases with the increase of temperature. The other significant point is that the higher the coupling between the system and the reservoir, the faster the entanglement is lost with the increase of temperature.
IV. CONCLUSIONS
The focus of this work was the study of the thermal equilibrium quantum properties of two Brownian particles in a common reservoir. More specifically, we evaluated the equilibrium density matrix for the particles and the entanglement between them.
The presented model was based on the system-plusreservoir approach. The excitations of the bath were described by harmonic oscillators and the coupling was nonlinear in the system coordinates. The separation of the length scale from the time scale in the response function allowed us to analytically study an effective interaction between the particles, which is responsible for the entanglement in their state. The chosen response function reproduces the Brownian motion for each particle when they are far apart.
We obtained a density matrix that, in terms of Feynman path integrals, presents, besides the effective potential, the "anomalous dissipation" explicitly in its functional form. The center of mass behaved like a free quantum Brownian particle in thermal equilibrium, with a friction dependent on the distance between the particles. The relative coordinate behaved like a quantum Brownian particle in a binding potential, in thermal equilibrium.
Finally, we concluded that the environment was not only responsible for the loss of coherence, as intuitively expected, but also for the induction of entanglement. Even for finite temperatures this phenomenon still persists, independent of the initial conditions, since only thermal equilibrium was considered. The entanglement decreased monotonically with the increase of temperature. Such a decrease was enforced by the increase of the coupling between the system and the environment.
In our view the establishment of entanglement between those two particles mediated by the bath reflects the existence of a complex ground state of the composite system which in general is far from being separable.
Our results may be relevant for a better understanding of quantum information in non-isolated systems. They can also be applied to other configurations of the system of interest, for example, the one in which each particle is in an independent potential, again in the same bath. This model may be also adaptable to other realistic systems, opening the possibility to study quantum properties of general continuous variable open systems.
